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Abstract
A Weierstrass polynomial with multiple roots in certain points leads to a branched covering map.
With this as the guiding example, we formally define and study the notion of a branched polynomial
covering map. We shall prove that many finite covering maps are polynomial outside a discrete
branch set. Particular studies are made of branched polynomial covering maps arising from Riemann
surfaces and from knots in the 3-sphere.
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1. Basic definitions and examples
Throughout the paper, X denotes a connected topological space with the homotopy
type of a CW-complex. Most often, X will be a compact polyhedron, or, a closed smooth
manifold.
A Weierstrass polynomial of degree n  1 over X is a continuous family of monic,
complex polynomials of degree n, or more precisely, a polynomial map
P = P(x, z) :X×C→C
of the form
P(x, z)= zn +
n∑
i=1
ai(x)z
n−i = zn + a1(x)zn−1 + · · · + an−1(x)z+ an(x),
where a1, . . . , an :X → C are continuous functions. It is called separable, or simple, if
P(x, z) has no multiple roots for any x ∈X.
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Along with any Weierstrass polynomial P(x, z) of degree n over X, we consider the
zero set
E = {(x, z) ∈X×C | P(x, z)= 0}
for P(x, z). If P(x, z) is a separable Weierstrass polynomial, then the projection map of E
onto X defines an n-fold covering map π :E→X, the equivalence class of which is called
the polynomial covering map associated with P(x, z) [5–7].
For an arbitrary Weierstrass polynomial we have the coefficient map,
a = (a1, . . . , an) :X→Cn.
We shall often identify the n-tuples of complex numbers in Cn with the sets of
coefficients in monic complex polynomials. With this identification, let ∆⊂Cn denote the
discriminant set consisting of the n-tuples of complex numbers corresponding to monic
complex polynomials with multiple roots. It is well known that ∆ is an algebraic set of
complex codimension 1 in Cn; cf. [7, Chapter III, Lemma 2.1, p. 87]. Clearly, P(x, z) is a
separable Weierstrass polynomial exactly when the coefficient map a :X→Cn avoids the
discriminant set ∆⊂Cn.
Suppose now thatX is a polyhedron, or, a smooth manifold. Let P(x, z) be a Weierstrass
polynomial, where we assume that the coefficient map a :X → Cn is piecewise linear,
respectively smooth, so that transversality makes sense. Suppose that a :X → Cn is
transversal to ∆ ⊂ Cn. If the set D = a−1(∆) is non-empty, then it is a subset of
codimension 2 in X, which is called the branch set of the Weierstrass polynomial P(x, z).
Also the subset D˜ = π−1(D) of E is called the branch set of the Weierstrass polynomial
P(x, z). The restriction of π to the complements of the branch sets defines an n-fold
polynomial covering map π˜ :E \ D˜→ X \D. A map π :E→ X obtained by the above
construction is our guiding example of an n-fold branched polynomial covering map.
Throughout the paper, we shall work with the following formal definition of an n-fold
branched covering map, with the polynomial case as a special case. For a general reference
to branched covering maps, including many examples, we refer the reader to [11].
Definition. A surjective map π :E → X is called an n-fold branched (polynomial)
covering map with branch sets D ⊂ X and D˜ ⊂ E, if D has codimension  2 in X,
D˜ = π−1(D) and the restriction π˜ :E \ D˜→X \D of π to the complements of the branch
sets is an n-fold (polynomial) covering map.
A Weierstrass polynomial, where the coefficient map is transversal to the discriminant
set, defines an n-fold branched polynomial covering map, with a particular rich structure,
since also the part of the total space E over the branch set is described by the Weierstrass
polynomial. In general, it will be too restrictive, and too complicated, to require that
the Weierstrass polynomial defined outside the branch set D in a branched polynomial
covering map can be extended to all of X and in such a way that E is exactly the zero set
for the extended Weierstrass polynomial.
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As the following example shows, the class of n-fold branched polynomial covering maps
is a proper subclass of the class of n-fold branched covering maps.
Example. Let E be the space obtained from the n-sphere Sn by identifying a pair of
antipodal points in Sn to one point p ∈ E. There is an obvious action of the cyclic group
Z2 of order 2 on E induced by the antipodal map on Sn; the action is free outside p ∈ E.
The orbit space X by this action is the real projective n-space RPn . The projection map
π :E→ RPn is a 2-fold branched covering map with branch sets D = {π(p)} in X and
D˜ = {p} in E. The restriction of π to the complements of the branch sets, π˜ :E \ D˜→
X \D, reduces by further restriction to the 2-fold covering map π :Sn−1 →RPn−1, which
is not polynomial for n 3; cf. [5, Corollary 4.4], or [7, Chapter III, Theorem 3.7, p. 94].
Therefore, π :E→RPn is not a branched polynomial covering map with branch set D for
n 3.
2. Regular finite covering maps as branched polynomial covering maps
Polynomial covering maps are relatively rare, but if we allow branching, many finite
covering maps, which are not polynomial covering maps, are in fact branched polynomial
covering maps with isolated branch points. This shall be our first concern.
The study of polynomial covering maps is closely related to the study of homomor-
phisms into the Artin braid group B(n). Since it will be the basis for most of our proofs,
we shortly describe this connection. Further details can be found in [7, Chapter III, §5, §6].
Let τn :B(n)→Σn be the epimorphism which to an n-braid associates the permutation
of the braid. For an n-fold covering map π˜ :E \D˜→X\D defined by a branched covering
map π :E → X with branch sets D ⊂ X and D˜ ⊂ E as above, there is a characteristic
homomorphism
χ
(
π˜
)
:π1(X \D)→Σn
of the fundamental group of X \D into the permutation group on n elements describing
the monodromy in π˜ . The fundamental observation made in [6, Theorem 5.1] is that the
n-fold covering map π˜ :E \ D˜→X \D is polynomial if and only if there is a lifting of the
characteristic homomorphism χ(π˜) :π1(X \D)→ Σn through the braid group B(n), in
other words, if and only if there exists a homomorphism ϕ :π1(X \D)→ B(n) such that
χ(π˜)= τn ◦ ϕ.
Let Tg denote the orientable closed surface of genus g and Ug+1 the non-orientable
closed surface of genus g + 1. In [5, Theorem 6.1], see also [7, Chapter III, Theorem 3.8,
p. 94], we proved that the orientation double covering of Ug+1 by Tg is polynomial if and
only if the genus g is odd. If branching is allowed we have
Theorem 1. Every finite covering map π :E→X onto a closed surface X is a branched
polynomial covering map with a single branch point.
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Proof. Let p be an arbitrary point in X. Then the fundamental group π1(X \ {p}) is a
free group, with 2g generators if X is an orientable closed surface of genus g, and with
g generators if X is a non-orientable closed surface of genus g. Hence the characteristic
homomorphism of the covering map π˜ :E \ π−1(p)→ X \ {p}, defined by restriction of
π , can easily be lifted to the braid group making the following diagram commutative:
B(n)
τn
π1(X \ {p})
χ(π˜)
ϕ
Σn
Therefore π˜ :E \π−1(p)→X \ {p} is an n-fold polynomial covering map according to
the above characterization of the class of n-fold polynomial covering maps. This completes
the proof.
We can do better and prove
Theorem 2. Every finite covering map π :E → X onto a 2-dimensional compact
polyhedron X is a branched polynomial covering map with a finite number of branch
points.
Proof. Let D be an arbitrary subset of X containing exactly one interior point in each
2-simplex of X. Then X \D contracts onto the 1-skeleton of X. Hence the fundamental
group π1(X \D) is a free group and then the proof can be completed as in the proof of
Theorem 1.
3. Branched polynomial covering maps from Riemann surfaces
We shall use the term Riemann surface to denote a complex manifold of dimension 1.
Any compact orientable surface admits the structure of a Riemann surface. As a general
reference to Riemann surfaces we refer the reader to [4].
Identify the 2-sphere S2 with the Riemann sphere, i.e., the complex numbersC extended
with ∞:
S2 =C∪ {∞}.
For each degree n 1, we define a Weierstrass polynomial in C by
Pn(x, z)= zn − x,
for x, z ∈C.
Let pn :En→C be the projection of the zero set En of Pn(x, z) in C×C onto the first
factor.
The Weierstrass polynomialPn(x, z) inC has a branch point at x = 0, and the coefficient
map a(x)= (0, . . . ,0,−x) :C→Cn is clearly transversal to the discriminant set ∆ ∈Cn.
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For each n 1, we can define a surjective map
πn :S
2 → S2,
by πn(z)= zn.
Away from D = {0,∞}, the map πn is an n-fold covering map, in fact a polynomial
covering map defined by the separable Weierstrass polynomial Pn(x, z) for x ∈ C \ {0}.
An equivalence h of covering maps,
(C \ {0})×C
proj
En \ {(0,0)}inclusion h
p˜n
S2 \ {0,∞}
π˜n
C \ {0} C \ {0} identity S2 \ {0,∞}
is defined by h(x, z)= z.
It follows that πn :S2 → S2 is an n-fold branched polynomial covering space with
branch set D = {0,∞}. We call this particular branched covering, the cyclic n-fold
branched polynomial covering map onto the Riemann sphere.
LetM be a complex manifold and let f :M→ S2 be a meromorphic function transversal
to {0,∞} ∈ S2. Consider the pull-back π∗n :Ef → M of the cyclic n-fold branched
polynomial covering map πn :S2 → S2 along f ,
M × S2 ⊃Ef f
∗
π∗n
S2
πn
M
f S
2
The projection onto the first factor, π∗n :Ef → M , defines an n-fold branched
polynomial covering map with branch set D = f−1({0,∞}) ⊂ M associated with the
Weierstrass polynomial Pf (x, z)= zn − f (x), x ∈M , z ∈ C. An equivalence h between
the covering spaces Ef \ D˜ and the zero set of Pf (x, z) for x ∈M \D can be defined by
h(x, z)= (f (x), z), since the pull-back condition exactly amounts to f (x)= zn.
In the following theorem we establish contact with the classical notion of a Riemann
surface for a meromorphic function.
Theorem 3. Let M be a Riemann surface and let f :M→ S2 be a meromorphic function
transversal to {0,∞}∈ S2. Then the pull-back π∗n :Ef →M of the cyclic n-fold branched
polynomial covering map πn :S2 → S2 along f is a Riemann surface for the meromorphic
function n√f .
Proof. For each x ∈M \D, the n points in π−1f (x) are exactly the n roots of f (x). The
meromorphic function f ∗ :Ef \ D˜ → S2 is the single valued function representing the
function n
√
f .
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Fig. 1.
The following theorem is well known for branched coverings. By inspection we find that
the branched covering map in question is in fact polynomial.
Theorem 4. Every closed Riemann surface Tg of genus g  1 is a 2-fold branched
polynomial covering space of the Riemann sphere S2 branched over 2g+ 2 points.
Proof. We can model Tg as a handlebody with g handles constructed as the connected
sum of g tori placed in a row as in Fig. 1 such that it is symmetric by a rotation
through 180◦ around a horizontal axis. The quotient space obtained by identifying points
in Tg corresponding to one another under this 180◦-rotation is topologically equivalent
to S2. The quotient map π :Tg → S2 is easily seen to be a 2-fold branched covering
map with 2g + 2 branch points. Let D be the subset in S2 consisting of these 2g + 2
branch points. Then the fundamental group π1(S2 \ D) is a free group with 2g + 1
generators. Therefore the 2-fold covering map π˜ :Tg \ D˜ → S2 \ D is polynomial
by the same reasoning as employed in the proof of Theorem 1. This completes the
proof.
4. Branched polynomial covering maps from knots
Let K ⊂ S3 be a smooth knot in S3, i.e., a smooth embedding of the circle S1 into S3.
The knot K possesses a tubular neighbourhood and bounds a Seifert surface M in S3; cf.
[11, Theorem 1, Chapter 5, Section B, p. 127]. Denote by M◦ =M \K the interior of M ,
and let N be an open bicollar of M◦ in S3 diffeomorphic to M◦ × (−1,1).
The boundary of the manifold (with singularities) naturally associated with the open
manifold X = S3 \M , when viewed from the bicollar N of M◦ in S3, can be considered
as two copies of M identified along K . Denote the two boundary pieces by ∂X− and ∂X+,
where ∂X− relates to the collar diffeomorphic to M◦ × (−1,0), and ∂X+ to the collar
diffeomorphic to M◦ × (0,1).
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For an arbitrary integer n 2, choose n copies of the space X. Denote these copies by
X0,X1, . . . ,Xn−1, and let E be the quotient space
E =
n−1⊔
i=0
Xi/∼,
obtained from the disjoint union of the spaces Xi by the identifications ∂X+i ∼ ∂X−i+1,
i = 0, . . . , n− 2, and ∂X+n−1 ∼ ∂X−0 .
Using the bicollar diffeomorphic to M◦× (−1,1) as a ‘plaster’ to glue the spaces Xi and
Xi+1 together, it is easy to prove that E \K is an open, connected, 3-dimensional smooth
manifold.
There is a natural action of the cyclic group Zn of order n on E, which is the trivial
action on K and a free cyclic action on E \K . The orbit space for this action is S3 and
the orbit map π :E→ S3 is an n-fold branched covering map with branch sets K ⊂E and
K ⊂ S3. The construction is obviously inspired by the classical method of constructing
Riemann surfaces using cutting and pasting.
The n-fold branched covering map π :E → S3 is called the cyclic n-fold branched
covering map branched over the knot K in S3.
We shall prove that every finite cyclic branched covering map π :E→ S3 derived from
a knot is a branched polynomial covering map. For this we need some preparations.
By a classical theorem of Alexander [1], an arbitrary knot K in 3-space can be obtained
by closing a braid β around an axis. If K is obtained from the braid β we write K = βˆ .
Obviously, the closing construction on the braid β can be performed inside an arbitrary
solid torus without changing the equivalence class of the knot K .
It is well known that the 3-sphere S3 can be decomposed as the union of two solid
tori T = D2 × S1 and T ′ = S1 ×D2 glued together along their common boundary torus
S1 × S1, by identifying the meridian circles of ∂T = S1 × S1 with the longitudinal circles
of ∂T ′ = S1 × S1, and vice versa. By these constructions, the knot K = βˆ can be viewed
as embedded in the solid torus T =D2 × S1; cf. [7, Chapter II, §4].
Now consider an arbitrary n-fold cyclic branched covering map π :E→ S3 branched
over the knotK = βˆ , and let π˜ :E \K → S3 \K be the restriction of π to the complements
of the branch sets.
To examine whether π˜ :E \ K → S3 \ K is polynomial, we shall determine the
characteristic homomorphism
χ(π˜) :π1
(
S3 \K)→Σn.
First observe that the fundamental group π1(S3 \ K) is exactly the knot group of K .
A presentation of this group was found by Artin [2], see also [3, Theorem 2.2, p. 46], or [7,
Chapter II, §4]. Suppose that the closed braid βˆ =K has k strings indexed by the numbers
i = 1, . . . , k. Then π1(S3 \K) has a presentation with k generators x1, . . . , xk , represented
by loops around the k strings in βˆ , and k − 1 relations x1 = x1β¯, . . . , xk−1 = xk−1β¯ .
Here β¯ is an automorphism of the free group Fk on the k generators x1, . . . , xk; a loop
in S3 \K representing xiβ¯ is obtained by pulling the loop representing xi once around a
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longitude on the solid torus containing βˆ along the gaps in the torus left by βˆ . It holds that
xiβ¯ =Aixτ(i)A−1i , i = 1, . . . , k, where Ai ∈ Fk and τ is the permutation of the braid β .
Let Ci be a small circle around the ith string in the closed braid βˆ which bounds a small
disc Di transversal to the string. Then it is easy to see that the restriction of the n-fold
covering map π˜ :E \K → S3 \K to Ci is equivalent to the non-trivial cyclic polynomial
covering of the circle Ci defined by the Weierstrass polynomial P(x, z)= zn − x , x ∈ Ci ,
z ∈ C. From this follows that π˜ :E \K → S3 \K is non-trivial and that the characteristic
homomorphism is given by
χ
(
π˜
)
(xi)= (1, . . . , n), i = 1, . . . , k,
where (1, . . . , n) ∈Σn is the cyclic permutation of the elements {1, . . . , n}.
Since the characteristic homomorphism χ(π˜) determines the equivalence class of the
regular n-fold covering map π˜ :E \K → S3 \K , this will also prove that the topological
type of E \K only depends on the knot type of K and the integer n 2.
In the braid group B(n) on n strings, consider the braid σ = σn−1σn−2 · · ·σ1 defined
by the product of the elementary braids in B(n). Under the permutation homomorphism
τn :B(n)→Σn, clearly τ (σ )= (1, . . . , n) ∈Σn. The braid σ ∈ B(n) generates an infinite
cyclic group in B(n).
We get a well defined lifting ϕ :π1(S3 \K)→ B(n) of the characteristic homomorphism
χ(π˜) :π1(S3 \ K) → Σn over the braid group B(n) by the definition ϕ(xi) = σ , i =
1, . . . , k, since the relations in the presentation of π1(S3 \ K) all map to the trivial
element in the cyclic group generated by σ . This proves that the n-fold covering map
π˜ :E \K→ S3 \K is polynomial.
We state the result obtained in the following theorem.
Theorem 5. Let K ⊂ S3 be a smooth knot in S3 and let π :E→ S3 be an n-fold cyclic
branched covering map branched over K . Then π :E → S3 is a branched polynomial
covering map.
We can improve on the result in Theorem 5 since there is a standard procedure
for changing the n-fold branched covering space E into a closed, connected, smooth
3-manifold M3. The procedure is described in [11, Chapter 10, Section C, p. 297]. We
go through the procedure to check that it leads to a branched polynomial covering space.
Start out with the n-fold cyclic branched covering map π :E → S3 branched over
the smooth knot K ⊂ S3. Choose a smooth tubular neighbourhood T ⊂ S3 of K in S3
diffeomorphic to the solid torus S1 × D2. Let T˜ = π−1(T ) denote the preimage of T
by π . Both the boundary ∂T of T and the preimage π−1(∂T )= ∂T˜ of ∂T by π is a torus
diffeomorphic to S1 × S1.
The boundaries ∂T˜ = ∂(E \ T˜ ) and ∂T = ∂(S3 \ T ) are both diffeomorphic to the torus
S1 ×S1. It is easy to verify that a meridian loop on ∂T , corresponding to a circle {x0}×S1
on S1 × S1, is n-fold covered by a meridian loop on ∂T˜ , whereas a longitudinal loop on
∂T , corresponding to the circle S1 ×{x0} on S1 × S1, is covered by n disjoint longitudinal
loops on ∂T˜ .
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In the disjoint union (E \ T˜ ) unionsq T we now glue the boundaries ∂(E \ T˜ ) = ∂T˜ and
∂T together by stretching the meridian loop on ∂T so that it matches the corresponding
meridian loop on ∂T˜ . The resulting space is a closed, connected, smooth 3-manifold M3.
Finally, we change the cyclic n-fold covering map π :E→ S3 to a new n-fold branched
covering map π :M3 → S3. This is done by replacing the piece of the branched covering
map onto T by the map
pn :T = S1 ×D2 → T = S1 ×D2,
defined by pn(x, z)= (x, zn), x ∈ S1, z ∈D2. It is easy to see that this gives a well defined
surjective map π :M3 → S3, which is an n-fold branched covering of S3 branched over
K . The branch set K˜ = π−1(K)⊂M3 is a knot in the smooth manifold M3.
The proof of Theorem 5 works verbatim to prove that also π˜ :M3 \ K˜ → S3 \K is an
n-fold polynomial covering map. Thereby we get our final result.
Theorem 6. Let K ⊂ S3 be an arbitrary smooth knot in S3. For every n 2, there exists
a closed, connected smooth 3-manifold M3 and an n-fold branched polynomial covering
map π :M3 → S3 branched over the knot K .
It is easy to prove that an arbitrary 2-fold branched covering map π :M3 → S3 branched
over a knot K can be obtained from a cyclic branched covering map by the above
construction. Hence we get the following corollary.
Corollary 7. An arbitrary 2-fold branched covering map π :M3 → S3 from a closed,
connected smooth 3-manifold M3 onto S3 branched over a knot K ⊂ S3 is a branched
polynomial covering map.
5. Final remarks and open problems
Our concern in this paper has been the construction of branched polynomial covering
maps. Using Theorem 6 we get many such examples with interesting 3-manifolds M3 as
branched covering spaces.
There are, however, many more finite branched coverings of S3 branched over a knot
than the ones obtained from cyclic branched coverings. In [11, p. 312], Rolfsen gives
among others such an example of a 6-fold branched covering map π :S3 → S3 branched
over a trefoil knot. The author conjectures that this particular example is not a branched
polynomial covering map, but knows of no general results for non-cyclic finite branched
polynomial covering maps onto S3 branched over a given knot K .
By a theorem of Hilden [8] and Montesinos [10], working independently, every closed,
connected, orientable 3-manifold is a 3-fold branched covering space of S3 branched
over a knot. This is best possible since Hirsch and Neumann [9] have given examples of
3-manifolds that are not 2-fold branched covering spaces of S3. It would be interesting to
know which 3-manifolds can be obtained as branched polynomial covering spaces of S3
branched over a knot.
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